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The validity of a widely used simple closed-form expression for the recombination associated with
dangling bonds in hydrogenated amorphous silicon 共a-Si:H兲 is linked to the relative position of the
distribution of the dangling bond states with respect to the quasi-Fermi levels for trapped electrons
and holes. However, these quasi-Fermi levels for traps have not been derived before. In this work,
we derive the four relevant quasi-Fermi levels for traps associated with dangling bonds in a-Si:H
and clarify the limitations of the simple model. © 2008 American Institute of Physics.
关DOI: 10.1063/1.3037235兴
I. INTRODUCTION

Hydrogenated amorphous silicon 共a-Si:H兲 contains an
amphoteric dangling bond 共DB兲 defect that can be neutral
共T03兲, positively charged 共T+3 兲, or negatively charged 共T−3 兲.1,2
The defect’s energy level depends on its charge state, and
there are two energy levels for the DB in a-Si:H 共see Fig. 1兲.
Consequently, the recombination rate associated with the DB
共UDB兲 does not follow Shockley–Read–Hall3 共SRH兲 statistics
or its extension developed by Simmons and Taylor4 to allow
for a distribution of energy states. Instead, UDB follows the
statistics of correlated electrons,1,2,5 which is more complicated and requires knowledge of the defect density, as well
as the emission and capture rates in each of the different
energy levels.
Defects associated with DBs are the most important
channel for carrier recombination in a-Si:H. An ability to
understand and model this recombination is of extreme importance for fundamental studies of a-Si:H as well as analyses of a-Si:H semiconductor devices. However, most solutions are numerical and require the knowledge of many
parameters, making them difficult to apply. Because of this,
an approximate but simple closed-form solution for UDB was
derived by Hubin et al.6 and has become a popular choice
among researchers.7–11 Unfortunately, this simple model has
a limited range of validity and can be easily misused.
This simple closed-form solution UDB.scf is indeed much
easier to calculate than the general solutions for UDB because
it requires fewer parameters. Its validity, however, is subject
to several assumptions, the most important being that all the
DB states need to be recombination centers and not traps. In
this context we refer to a trap as a relatively shallow energy
level that interacts with the relevant band 共conduction or
valence兲 without leading to carrier recombination.
Unfortunately, Hubin et al.6 did not clarify the conditions that validate that key assumption. In particular, they did
not distinguish demarcation levels12 from quasi-Fermi levels
for traps.13 At the energy states defined as demarcation levels, the probability of an electron 共or hole兲 recombining or
a兲
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being thermally re-emitted is equal, whereas within the
quasi-Fermi levels for traps, the probability of an electron 共or
hole兲 being thermally re-emitted is negligible; the distinction
between the two is explained in detail and presented diagrammatically by Simmons and Taylor.4 The quasi-Fermi
levels for traps therefore provide a more appropriate distinction between trapping and recombination centers: energy levels between a pair of quasi-Fermi levels for traps behave as
recombination centers, and outside them they behave as trapping centers.4 Therefore, the work presented in this paper
uses them as the key criteria for validating the key assumption behind UDB.scf.
A quasi-Fermi level for trapped electrons and a quasiFermi level for trapped holes can be derived for a particular
species of defects, which is defined by a constant ratio of the
capture cross sections for electrons and holes 关i.e., k
= n共E兲 /  p共E兲, where k is a constant兴. In the general case
there will be many species of defect levels, which will result
in two corresponding quasi-Fermi levels for traps for each of
the species. In the case of the UDB.scf where the capture cross
sections are independent of energy, there are two species of
defects and subsequently four quasi-Fermi levels for traps.
These four quasi-Fermi levels for traps have not been
explicitly derived before: Hubin et al.6 only referred to Tay-

FIG. 1. Schematic representation of electron flows for the DB model.
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lor and Simmons,13 who in turn explained the general concept but only derived the relevant quasi-Fermi level for traps
for SRH recombination but not for UDB.scf.
In this paper we first apply DB recombination statistics
to derive UDB and then describe the key assumptions that
permit the derivation of UDB.scf. The four quasi-Fermi levels
for traps are then derived and their application to evaluate the
validity of the simple model is illustrated with representative
examples.

Figure 1 illustrates the DB recombination model as presented by Vaillant and Jousse.2 It contains two energy states
共Et and Et + Eu兲, three charge states 共T+3 , T03 , T−3 兲, and eight
carrier flows 共u1 – u8兲. In this representation, Et and Et + Eu
are discrete, but the following derivation permits a distribution of Et with energy.
To determine the recombination rate of the DB model
UDB, we make the common assumptions that all carrier flows
are in steady state and that neighboring defects do not interact. In the case of a-Si:H, the second assumption is valid
when the total density of defects NT is ⬍1016 cm−3, which is
equivalent to an average separation of d ⬎ 300 Å.2
The recombination and re-emission paths can then be
divided into two parallel processes:
共1兲

consisting of u1, u3, u5, and u7, and
T03 + e ↔ T−3 ,

共2兲

consisting of u2, u4, u6, and u8. The flows u1 to u8 are given
by2
u1共E兲 = n̄+ f +共E兲Nt共E兲,

n̄+0
,
2 exp兵␤关EF − Et共E兲兴其

e−n 共E兲 =

2n̄00
,
exp兵␤关EF − Et共E兲 − Eu兴其

e+p 共E兲 = 2p̄00 exp兵␤关EF − Et共E兲兴其,
1
e0p共E兲 = p̄−0 exp兵␤关EF − Et共E兲 − Eu兴其,
2

II. RECOMBINATION STATISTICS FOR UDB

T+3 + e ↔ T03 ,

e0n共E兲 =

where ␤ = q / kT and EF is the equilibrium Fermi level. Equations 共3兲–共5兲 include the convenient definitions13
n̄+ = thn+n ,

u7共E兲 = e+p 共E兲f +共E兲Nt共E兲,

=

共3兲
where Nt共E兲 is the density of defects equivalent to Et in Fig.
1. f +, f 0, and f − are the occupation fractions of the T+3 , T03,
and T−3 states given by1,2
1

f +共E兲 =
1+

f 0共E兲 =

f −共E兲 =

e+p 共E兲 +
e0n共E兲 +

e+p 共E兲 + n̄+
e0n共E兲 + p̄0

n̄

+

p̄

0

冉

1+

e0p共E兲 +
e−n 共E兲 +

n̄

0

p̄−

冊

,

f +共E兲,

冉

e+p 共E兲 + n̄+ e0p共E兲 + n̄0
e0n共E兲 + p̄0 e−n 共E兲 + p̄−

冊

f +共E兲.

冕
冕
冕

Nt共E兲

Nt共E兲

u8共E兲 = e0p共E兲f 0共E兲Nt共E兲,

共4兲

The electron emission coefficients of T03 and T−3 are e0n and e−n ,
while the hole emission coefficients of T+3 and T03 are e+p and
e0p,2

n̄00 = thn00n,

p̄− = thp−p ,

p̄00 = thp00p,
共6兲

where th is the thermal velocity, +n and 0n 共in cm2兲 are the
electron capture cross sections of T+3 and T03, 0p and −p are
the hole capture cross sections of T03 and T−3 , n and p are the
steady-state electron and hole concentrations, and n0 and p0
are the equilibrium electron and hole concentrations. Note
that we follow the common assumption that the capture cross
sections are independent of energy.2,5–11
When the interaction between neighboring defects is
negligible as assumed, Nt共E兲 can be considered as a continuum of defects with discrete energy levels, and the total
recombination rate UDB can be given by integrating over
energy,

u4共E兲 = e−n 共E兲f −共E兲Nt共E兲,

u6共E兲 = p̄− f −共E兲Nt共E兲,

p̄0 = thp0p,

p̄−0 = thp0−p ,

UDB =
u5共E兲 = p̄0 f 0共E兲Nt共E兲,

n̄0 = thn0n,

n̄+0 = thn0+n ,

u2共E兲 = n̄0 f 0共E兲Nt共E兲,

u3共E兲 = e0n共E兲f 0共E兲Nt共E兲,

共5兲

=

Nt共E兲

共u1 + u2 − u3 − u4兲dE
共u5 + u6 − u7 − u8兲dE
关n̄+ f +共E兲 + n̄0 f 0共E兲 − e0n f 0共E兲

− e−n f −共E兲兴Nt共E兲dE =

冕

Nt共E兲

A共E兲Nt共E兲dE,

共7兲

where A共E兲 represents the terms in square brackets.
Equation 共7兲 is not usually applied in its full form for the
calculation of DB recombination due to its mathematical
complexity. In one simplification of this solution,2,5 a ␦ function is used for Nt共E兲; recombination is only calculated for
one energy level and integration is not required. Hubin et al.6
made an alternative simplification that avoided the integration as well as reduced the number of parameters. They assumed that the sample is sufficiently illuminated that the
quasi-Fermi levels for traps lie outside Nt共E兲. As a result, all
defects act as recombination centers and the re-emission
flows 共i.e., u3, u4, u7, and u8兲 are negligible. As evident in
Eq. 共4兲, when the emission terms are neglected, the occupation fractions become independent of EF, Et, and Eu, giving
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p̄− p̄0
p̄− p̄0 + n̄+ p̄− + n̄+n̄

0
f scf
=

,
0

n̄+n̄0
p̄− p̄0 + n̄+ p̄− + n̄+n̄0

n̄+ p̄−
p̄− p̄0 + n̄+ p̄− + n̄+n̄0

,

共8兲

,

and consequently, the solution to UDB becomes analytic,6
UDB.scf =
=

=

冕
冕

Nt共E兲

冋

Nt共E兲

共u1 + u2兲dE
共u5 + u6兲dE

n̄+ p̄− p̄0 + p̄−n̄0n̄+
− 0

+ −

+ 0

p̄ p̄ + n̄ p̄ + n̄ n̄

册冕

Nt共E兲

Nt共E兲dE = AscfNT .
共9兲

The total density of states NT = 兰Nt共E兲dE, and Ascf represents
the terms in the square brackets.
Being analytic and simple, Eq. 共9兲 has been employed by
several researchers of a-Si:H, yet the validity of its underlying assumption has not been investigated. While Hubin et
al.6 stated that the quasi-Fermi levels for traps are those derived by Taylor and Simmons,13 the equations that describe
these levels were not presented and are not trivial to derive.
In the Sec. III, we derive the four quasi-Fermi levels for traps
required to assess the validity of Eq. 共9兲.
III. DERIVATION OF THE QUASI-FERMI LEVELS FOR
TRAPS

As shown in Fig. 1, the electron and hole flows can be
divided into two sets of processes. Note that many sets of
processes will exist if the capture cross sections are not independent of energy. For UDB.scf,
T+3 /T03 process: n̄+ − e0n = p̄0 − e+p ,
T03/T−3 process: n̄0 − e−n = p̄− − e0p .

共10兲

Following Taylor and Simmons,13 the quasi-Fermi levels
for traps correspond to the conditions where either e+p , e0n, e0p,
or e−n is negligible. These four conditions can be expanded
and rearranged to define the four quasi-Fermi levels for traps,

冉
冉

冊

n̄+0

e0n = n̄+ + p̄0,

0
Etn
= EF −

1
,
ln
␤ 2n̄+ + 2p̄0

e+p = n̄+ + p̄0,

E+tp = EF −

1
n̄+ + p̄0
ln
,
␤
2p̄00

e−n = n̄0 + p̄−,

E−tn = EF − Eu −

2n̄0
1
ln 0 0 − ,
␤ n̄ + p̄

e0p = n̄0 + p̄−,

E0tp = EF − Eu −

1
2n̄0 + 2p̄−
ln
.
␤
p̄−0

冊

冉
冉

冊

冊

共11兲

When the defect energy level being considered Et is below the quasi-Fermi level for trapped electrons, E0tn, for ex-

FIG. 2. 共a兲 The key assumption is valid and UDB.scf is applicable when all
the quasi-Fermi levels for traps are outside Nt共E兲. 共b兲 One of the quasiFermi level for traps is not outside Nt共E兲; the assumption is invalid and
UDB.scf should not be used.

ample, the probability of thermal re-emission to the conduction band via the corresponding flow 共i.e., u3 for this case兲 is
negligible. This similarly applies to E−tn for electrons via u4
and conversely for E+tp and Et0p for holes via u7 and u8, respectively.
In the region where all of the conditions Et ⬍ E0tn, Et
−
⬍ Etn, Et ⬎ E+tp, and Et ⬎ E0tp are fulfilled simultaneously, all
thermal re-emission flows are negligible and any defect level
within this region will act as a recombination center and not
as a trap. When all four quasi-Fermi levels for traps lie outside the entire distribution of states Nt共E兲, all the defect levels act as recombination centers 关Fig. 2共a兲兴. In such a case,
the key assumption is valid and thus it is appropriate to use
UDB.scf.
On the other hand, when not all of the quasi-Fermi levels
for traps lie outside the distribution of Nt共E兲, then the conditions for the key assumption are not met. In Fig. 2共b兲, for
example, all defects between E−tn and E+tp are recombination
centers but only some defects between E−tn and E0tn are recombination centers. Since not all of Nt共E兲 are recombination
centers, the assumption is invalid and UDB.scf should not be
used.
IV. VALIDITY OF THE SIMPLE CLOSED-FORM
SOLUTION

The suitability of using the quasi-Fermi levels for traps
to validate UDB.scf is determined by comparing the mathematical error between UDB.scf and UDB as well as their energy dependence. By graphically comparing the quasi-Fermi
levels for traps with the energies at which those differences
occur, we can determine if the quasi-Fermi levels for traps
are actually useful for establishing the boundaries for the
applicability of UDB.scf.
To demonstrate this we present below an example using
a Gaussian function for Nt共E兲 and typical values2,5,14 for the
variables in Eqs. 共5兲 and 共6兲 共listed in the Appendix兲. This
method has also been applied to a variety of Nt共E兲 and variables, and the results are similar to the examples we present
here.
Figure 3 graphs the energy dependence of UDB.scf and
UDB. The gray area in Fig. 3共b兲 graphically represents
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FIG. 3. Energy dependence of UDB.scf and UDB and the corresponding quasiFermi levels for traps in a case where the quasi-Fermi levels for traps do not
lie outside the distribution of Nt共E兲. 共a兲 Nt共E兲, A共E兲, and its corresponding
function of Ascf. 共b兲 The areas under the curves give the numerical and the
simple solutions to the total recombination in the DBs.

UDB.scf: by multiplying the functions of Nt共E兲 and Ascf in Fig.
3共a兲 with th as in Eq. 共9兲, we obtain the function 共u1 + u2兲,
and the gray area under this function is equivalent to the
integral 共i.e., UDB.scf兲. Similarly the cross-hatched area
graphically represents UDB: multiplying the functions of
Nt共E兲 and A共E兲 in Fig. 3共a兲 with th as in Eq. 共7兲 gives 共u1
+ u2 − u3 − u4兲 in Fig. 3共b兲, and the integral of this gives the
numerical solution of UDB. In Fig. 3, we can clearly see that
the discrepancy between gray and cross-hatched areas 共i.e.,
UDB.scf and UDB, respectively兲 occurs precisely where the
quasi-Fermi levels for traps do not lie outside the distribution
of Nt共E兲.
The percentage error of using UDB.scf rather than UDB is
given by
%error =

UDB − UDB.scf
,
UDB

共12兲

and is about 49.3% 共global error兲 in this case, showing the
inadequacy of the simple model when the key assumption is
not valid.

FIG. 4. 共a兲 At low illumination the quasi-Fermi levels for traps are very
close in energy; the assumption is invalid and the use of UDB.scf will lead to
large errors. 共b兲 At sufficiently high illumination, all the quasi-Fermi levels
for traps lie outside the distribution of Nt共E兲; the areas under the curves are
almost the same, demonstrating that it is appropriate to use the UDB.scf
solution.

Fermi levels for traps is very large and outside Nt共E兲, making
the assumption valid and reducing the error of the simple
model to 0.4%.
B. Effect of other parameters

The other parameters such as Eu and the capture cross
sections will change the values of the quasi-Fermi levels for
traps and subsequently influence the illumination level at
which the key assumption becomes invalid. Increasing the
value of Eu, for example, will shift the quasi-Fermi levels for
traps E−tn and E0tp to lower energies. This will narrow the
region in which all the defect levels act as recombination
centers, thus increasing the error. For example, a change in
Eu from 0.1 eV 关Fig. 4共b兲兴 to 0.35 eV 关Fig. 5共a兲兴 increases
the error from 0.4% to 16.7%. A higher illumination is
needed 共⌬n = ⌬p = 1018 cm−3兲 for the key assumption to be
valid for this value of Eu 关Fig. 5共b兲兴, and the error reduces to
0.5%. Changing the values of the capture cross sections will
also have an effect, but it is generally less substantial.

A. Effect of illumination

According to Hubin et al.,6 the key assumption generally
is valid when the illumination is sufficiently high and the
excess carrier density is also high, but eventually becomes
invalid as the illumination decreases. Therefore, we can confirm the predictions of Hubin et al.6 on the effect of excess
carrier generation.
In Fig. 4, we show the effect of 共a兲 low 共⌬n = ⌬p
= 1011 cm−3兲 and 共b兲 high illumination 共⌬n = ⌬p = 5
⫻ 1014 cm−3兲 using Nt共E兲 as in Fig. 3共a兲. In Fig. 4共a兲 we can
see that the assumption is invalid at low illumination due to
the fact that the quasi-Fermi levels for trapped electrons and
holes are close to each other and do not lie outside Nt共E兲.
The error of UDB.scf is very high, at 51.3%. In Fig. 4共b兲 we
show the case when the illumination is high enough such that
the assumption is valid. The splitting between the quasi-

FIG. 5. The effect of increasing Eu. 共a兲 E−tn and E+tp will be closer in energy
and the region of validity will be smaller. 共b兲 A higher illumination is needed
to make the key assumption valid.
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FIG. 6. An example highlighting the effect of Eu on the modeling of recombination at an a-Si: H共i兲 / c-Si共n兲 interface. The effective surface recombination velocity 共Seff兲 using UDB.scf as applied by Olibet et al. 共Ref. 11兲 is
compared to the Seff calculated from UDB for various values of Eu.

V. DISCUSSION

The simple closed form developed by Hubin et al.6
共UDB.scf兲 has been applied to various a-Si:H structures, assuming, without verification, that the quasi-Fermi levels for
traps were outside Nt共E兲. As Nt共E兲 and the values of Eu and
EF of the previous applications are unknown, the use of
UDB.scf cannot be assessed. However, we can evaluate the
impact of a range of possible values for Eu. The example
given in Fig. 6 is a 60 ⍀ cm n-type c-Si wafer that has 40
nm a-Si:H共i兲 on both its surfaces to achieve surface passivation. Olibet et al.11 adapted UDB.scf to model the surface recombination velocity at the interface between the a-Si:H and
the c-Si wafer and noted the discrepancy between their experimental data and their modeling at low carrier densities.
We reproduce the modeling as the solid black line in Fig. 6.
Since the simple model cannot account for a possible
range of values of Eu, we have used the more detailed numerical solution for UDB and adapted it to determine the
surface recombination velocity for different values of Eu.
The results are graphed in Fig. 6 as well.
By comparing with the simple solution, we can see for
this case that when Eu is between 0 and 0.2 eV, the use of the
simple closed-form solution is reasonable. As Eu increases,
however, the error can increase to several orders of magnitude. For example, at ⌬n = ⌬p = 1012 cm−3, Seff is
⬃800 cm/ s for Eu = 0.2 eV; meanwhile at Eu = 0.35 eV, Seff
is much lower at ⬃90 cm/ s. The illumination level 共the excess carrier density兲 at which the assumption becomes invalid also increases.
From an observation of the experimental data in Ref. 11,
the Eu of the sample is ⬃0.3 eV, although additional parameters need to be known before this can be verified. However,
fitting the experimental data to Eu = 0.3 eV may lead to

changes in the fitted values for the capture cross sections, for
example, and thus fitting using the UDB.scf solution would be
incorrect. This case demonstrates how the application of
UDB.scf can be incorrect and the importance of ensuring the
validity of the key assumption.
The approximate UDB.scf solution reduces the number of
parameters that need to be known and simplifies the calculations enormously. However, these very same parameters 关i.e.,
Nt共E兲, Eu, and EF兴 need to be known in order to determine
whether it is suitable and valid to use. While estimates for
their values can be made from a theorectical2,5,14 or an
experimental14,15 basis, they cannot be ignored without consideration.
It is important, however, to note that the same parameters needed for calculating the quasi-Fermi levels for traps
enable the calculation of UDB using the numerical solution.
Consequently, if one calculates the quasi-Fermi levels for
traps and finds that it is inappropriate to use the approximate
UDB.scf, then UDB can be used. While this solution has been
derived for a-Si:H, it is not exclusive to it and can be applied
to any recombination mechanism with the same statistics.
VI. CONCLUSIONS

Hubin et al.6 greatly simplified the calculations for the
recombination in the DBs, where there are three charge states
and two energy levels, by making several assumptions leading to a simple closed-form solution, but they did not explicitly define its limitations. In this paper we have derived,
based on the recombination statistics for this system, the four
quasi-Fermi levels for traps that need to be considered. By
comparing UDB.scf with the numerical solution of UDB, we
have shown how these quasi-Fermi levels for traps can properly define the limitations of UDB.scf and how they are affected by the various parameters of the material. We conclude that it is only appropriate to use UDB.scf when both the
quasi-Fermi levels for trapped electrons E0tn and E−tn are
higher in energy than the complete distribution of Nt共E兲 and
both the quasi-Fermi levels for trapped holes E+tp and E0tp are
lower in energy than the complete distribution of Nt共E兲.
When the above conditions are not satisfied, the application of UDB.scf using Eqs. 共6兲, 共8兲, and 共9兲 can lead to large
errors in the calculation of recombination in the DBs. Therefore, it is important to calculate the values of the quasi-Fermi
levels for traps in Eq. 共11兲 with the knowledge of the additional parameters Nt共E兲, Eu, and EF to check the validity of
the key assumption and determine the appropriateness of using UDB.scf. However, these very same parameters can be
applied to the numerical solution 关Eqs. 共3兲–共7兲兴 to provide a
complete and more accurate determination of UDB. Given the
capabilities of modern computing, the additional calculations
that arise from using the numerical solution of UDB should

TABLE I. List of modeling parameters.
Parameter
⌬n = ⌬p 共cm−3兲
Eu 共eV兲

Figure 3共b兲

Figure 4共a兲

Figure 4共b兲

Figure 5共a兲

Figure 5共b兲

1 ⫻ 1013
0.35

1 ⫻ 1011
0.1

5 ⫻ 1014
0.1

5 ⫻ 1014
0.35

1 ⫻ 1018
0.35
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not be a problem, and it would be advantageous to avoid any
errors that would arise from the use of UDB.scf.
APPENDIX: MODELING PARAMETERS

This section lists the parameters used for the modeling
calculations for Figs. 3–5. The parameters common to all
figures were n0 = p0 = 1010 cm−3, th = 107 cm/ s, EC − EV
= 1.9 eV, EF = 0.9 eV, 0P = 0n = 10−16 cm2, −p = +n = 5
⫻ 10−15 cm2, while T = 300 K. The numerical integration
was done at 0.05 eV intervals. Table I lists the modeling
parameters that were varied for each figure.
The Gaussian function for Nt共E兲 is given by

冋

Nt共E兲 = 1015 exp −

册

共E − 0.85兲2
.
0.02
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The total density of states NT resulting from the numerical
integration of this function is 2.51⫻ 1014 cm−3.
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